Free rectangular dibands and free dimonoids by Zhuchok, A.V.
Algebra and Discrete Mathematics RESEARCH ARTICLE
Volume 11 (2011). Number 2. pp. 92 – 111
c© Journal “Algebra and Discrete Mathematics”
Free rectangular dibands and free dimonoids
Anatolii V. Zhuchok
Communicated by V. I. Sushchansky
Abstract. We construct a free rectangular diband and
describe its structure. We also present the least rectangular diband
congruence, the least (rb, rz)-congruence, the least left zero and
right zero congruence, the least rectangular band congruence and
the least left zero congruence on free dimonoids and use them to
obtain decompositions of free dimonoids.
1. Introduction
The notion of a dialgebra was introduced by J.-L. Loday [4] and inves-
tigated in many papers (see, for example, [4], [1], [8], [3]). So, recently
L.A. Bokut, Yuqun Chen and Cihua Liu [1] gave the composition-diamond
lemma for dialgebras and obtained a Gro¨bner-Shirshov basis for dialgebras.
A.P. Pozhidaev [8] studied the connection of Rota-Baxter algebras and
dialgebras with associative bar-unity. Analogues of some notions of the
functional analysis were defined on dialgebras in [3].
Dialgebras are linear analogues of dimonoids [4]. At the present time
dimonoids have became a standard tool in the theory of Leibniz algebras.
J.-L. Loday constructed a free dimonoid [4]. The least semilattice congru-
ence on free dimonoids was described in [11]. In [12] it was constructed
a free commutative dimonoid. Pirashvili [7] introduced the notion of a
duplex and constructed a free duplex. Dimonoids in the sense of Loday [4]
are examples of duplexes. Rectangular dimonoids (rectangular dibands)
first appeared in the researches of the structure of idempotent dimonoids
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and dibands of subdimonoids (see [13], [14]). Commutative dimonoids
were studied in [15].
In this paper we give new examples of dimonoids (Proposition 1 and
Lemmas 2-4), construct a free rectangular dimonoid (Theorem 1) and
describe its structure (Theorem 2). As a consequence of Theorem 2,
we obtain the description of some least congruences on free rectangular
dimonoids (Corollary 2). We also discuss the connections between rectan-
gular dimonoids and restrictive bisemigroups which were considered earlier
in some other aspects in the paper of B.M. Schein [10] (Proposition 4).
Moreover, we present the least rectangular diband congruence, the least
(rb, rz)-congruence, the least (ℓz, rb)-congruence, the least left zero and
right zero congruence, the least rectangular band congruence, the least
left zero congruence and the least right zero congruence on free dimonoids
and use them to obtain decompositions of free dimonoids (Theorems 3-9).
The algebraic notions and notations used in this paper are standard
and similar to those used in [5].
2. Preliminaries
A nonempty set D equipped with two binary operations ⊣ and ⊢ satisfying
the following axioms:
(x ⊣ y) ⊣ z = x ⊣ (y ⊣ z), (D1)
(x ⊣ y) ⊣ z = x ⊣ (y ⊢ z), (D2)
(x ⊢ y) ⊣ z = x ⊢ (y ⊣ z), (D3)
(x ⊣ y) ⊢ z = x ⊢ (y ⊢ z), (D4)
(x ⊢ y) ⊢ z = x ⊢ (y ⊢ z) (D5)
for all x, y, z ∈ D, is called a dimonoid. If the operations of a dimonoid
coincide, then the dimonoid becomes a semigroup.
Now we give a new example of a dimonoid.
Let X be an arbitrary nonempty set, X¯ = {x¯ |x ∈ X} and let R(X)
be the set of words xy¯z in the alphabet X
⋃
X¯ such that y ∈ X, x, z ∈
X
⋃
{θ}, where θ is the empty word. For all xy¯z ∈ R(X) assume
txy¯z =
{
z, z 6= θ,
y, z = θ,
t′xy¯z =
{
x, x 6= θ,
y, x = θ.
Define the operations ⊣ and ⊢ on R(X) by
xy¯z ⊣ ab¯c = xy¯tab¯c, xy¯z ⊢ ab¯c = t
′
xy¯z b¯c
for all xy¯z, ab¯c ∈ R(X).
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Proposition 1. (R(X),⊣,⊢) is a dimonoid.
Proof. Let xy¯z, ab¯c, mn¯s ∈ R(X). Then
(xy¯z ⊣ ab¯c) ⊣ mn¯s = xy¯tab¯c ⊣ mn¯s = xy¯tmn¯s,
xy¯z ⊣ (ab¯c ⊣ mn¯s) = xy¯z ⊣ ab¯tmn¯s = xy¯tab¯tmn¯s ,
xy¯z ⊣ (ab¯c ⊢ mn¯s) = xy¯z ⊣ t′
ab¯c
n¯s = xy¯tt′
ab¯c
n¯s.
If s = θ, then tmn¯s = n. Hence tab¯tmn¯s = tab¯n = n = tt′ab¯cn¯s
. If s 6= θ,
then tmn¯s = s. Hence tab¯tmn¯s = tab¯s = s = tt′ab¯cn¯s
. So,
xy¯tmn¯s = xy¯tab¯tmn¯s = xy¯tt′ab¯cn¯s
.
Moreover,
(xy¯z ⊢ ab¯c) ⊢ mn¯s = t′xy¯z b¯c ⊢ mn¯s = t
′
t′xy¯z b¯c
n¯s,
xy¯z ⊢ (ab¯c ⊢ mn¯s) = xy¯z ⊢ t′
ab¯c
n¯s = t′xy¯zn¯s,
(xy¯z ⊣ ab¯c) ⊢ mn¯s = xy¯tab¯c ⊢ mn¯s = t
′
xy¯tab¯c
n¯s.
If x = θ, then t′xy¯z = y. Hence t
′
t′xy¯z b¯c
= t′
yb¯c
= y = t′xy¯tab¯c . If x 6= θ,
then t′xy¯z = x. Hence t
′
t′xy¯z b¯c
= t′
xb¯c
= x = t′xy¯tab¯c . So,
t′
t′xy¯z b¯c
n¯s = t′xy¯zn¯s = t
′
xy¯tab¯c
n¯s.
Finally,
(xy¯z ⊢ ab¯c) ⊣ mn¯s = t′xy¯z b¯c ⊣ mn¯s = t
′
xy¯z b¯tmn¯s,
xy¯z ⊢ (ab¯c ⊣ mn¯s) = xy¯z ⊢ ab¯tmn¯s = t
′
xy¯z b¯tmn¯s.
Thus, (R(X),⊣,⊢) satisfies the axioms (D1)-(D5).
If f : D1 → D2 is a homomorphism of dimonoids, then the correspond-
ing congruence on D1 will be denoted by ∆f . A nonempty subset T of a
dimonoid (D, ⊣,⊢) is called a subdimonoid, if for any a, b ∈ D, a, b ∈ T
implies a ⊣ b, a ⊢ b ∈ T .
An idempotent semigroup S is called a rectangular band, if
xyx = x (1)
for all x, y ∈ S. It is well-known that every rectangular band is isomorphic
to the Cartesian product of a left zero semigroup and a right zero semigroup.
It is clear that in any rectangular band the identity
xyz = xz (2)
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holds.
A dimonoid (D,⊣,⊢) will be called a rectangular dimonoid or a rect-
angular diband (respectively, idempotent dimonoid or a diband), if both
semigroups (D,⊣) and (D,⊢) are rectangular bands (respectively, idem-
potent semigroups).
Lemma 1. ([11], Lemma 1) Let (D,⊣,⊢) be an idempotent dimonoid.
Then (D,⊣) is a rectangular band if and only if (D,⊢) is a rectangular
band.
Note that the class of rectangular dimonoids is a subvariety of the vari-
ety of all dimonoids. A dimonoid which is free in the variety of rectangular
dimonoids will be called a free rectangular dimonoid.
The necessary information about varieties of dimonoids can be found
in [12].
The notion of a diband of subdimonoids was introduced in [15] and
investigated in [14]. Recall this definition.
Let S be an arbitrary dimonoid, J be some idempotent dimonoid. Let
α : S → J : x 7→ xα
be a homomorphism. Then every class of the congruence ∆α is a subdi-
monoid of the dimonoid S and the dimonoid S itself is a union of such
dimonoids Sξ, ξ ∈ J that
xα = ξ ⇔ x ∈ Sξ = ∆
x
α = {t ∈ S | (x; t) ∈ ∆α},
Sξ ⊣ Sε ⊆ Sξ⊣ ε, Sξ ⊢ Sε ⊆ Sξ ⊢ε,
ξ 6= ε⇒ Sξ
⋂
Sε = ∅.
In this case we say that S is decomposable into a diband of subdimonoids
(or S is a diband J of subdimonoids Sξ, ξ ∈ J). If J is a band (=idem-
potent semigroup), then we say that S is a band J of subdimonoids
Sξ, ξ ∈ J . If J is a semilattice (=commutative band), then we say that S
is a semilattice J of subdimonoids Sξ, ξ ∈ J . If J is a left zero semigroup
(respectively, right zero semigroup), then we say that S is a left band
(respectively, right band) J of subdimonoids Sξ, ξ ∈ J .
Note that the notion of a diband of subdimonoids generalizes the
notion of a band of semigroups [2]. The semilattice decompositions of
semigroups were given in [9].
J.-L. Loday described a free dimonoid [4]. We constructed the dimonoid
isomorphic to the free dimonoid in [11]. Recall this construction.
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As usual N denotes the set of positive integers. Let F [X] be the free
semigroup in the alphabet X. We denote the length of a word w ∈ F [X]
by ℓw. Define the operations ⊣ and ⊢ on
F = {(w,m) ∈ F [X]×N | ℓw ≥ m}
by
(w1,m1) ⊣ (w2,m2) = (w1w2,m1),
(w1,m1) ⊢ (w2,m2) = (w1w2, ℓw1 +m2)
for all (w1,m1), (w2,m2) ∈ F . Denote the algebra (F,⊣,⊢) by F˘ [X]. By
Lemma 3 from [11] F˘ [X] is isomorphic to the free dimonoid on X.
3. Free rectangular dimonoids
It is known that every idempotent dimonoid is a semilattice of rectangular
subdimonoids [13] and every diband of subdimonoids of type Γ is a semi-
lattice of subdimonoids each being a rectangular diband of subdimonoids
of type Γ [14]. In this section we construct a free rectangular dimonoid.
We first give examples of rectangular dimonoids.
It is immediate to prove the following two lemmas.
Lemma 2. Let (D,⊣) be a rectangular band and (D,⊢) be a right zero
semigroup. Then (D,⊣,⊢) is a rectangular dimonoid.
We will call this rectangular dimonoid a (rb, rz)-dimonoid.
Lemma 3. Let (D,⊣) be a left zero semigroup and (D,⊢) be a rectangular
band. Then (D,⊣,⊢) is a rectangular dimonoid.
We will call this rectangular dimonoid a (ℓz, rb)-dimonoid.
Let In = {1, 2, ..., n}, n > 1 and let {Xi}i∈In be a family of arbitrary
nonempty sets Xi, i ∈ In. Define the operations ⊣ and ⊢ on
∏
i∈In
Xi by
(x1, ..., xn) ⊣ (y1, ..., yn) = (x1, ..., xn−1, yn),
(x1, ..., xn) ⊢ (y1, ..., yn) = (x1, y2, ..., yn)
for all (x1, ..., xn), (y1, ..., yn) ∈
∏
i∈In
Xi.
Lemma 4. For any n > 1, (
∏
i∈In
Xi,⊣,⊢) is a rectangular dimonoid.
Proof. It is immediate to check that (
∏
i∈In
Xi,⊣,⊢) is a dimonoid. It
is clear that the operations ⊣ and ⊢ are idempotent. For all (x1, ..., xn),
(y1, ..., yn), (z1, ..., zn) ∈
∏
i∈In
Xi we have
(x1, ..., xn) ⊣ (y1, ..., yn) ⊣ (x1, ..., xn) =
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= (x1, ..., xn−1, yn) ⊣ (x1, ..., xn) = (x1, ..., xn).
Hence (
∏
i∈In
Xi,⊣) is a rectangular band. By Lemma 1 (
∏
i∈In
Xi,⊢) is
a rectangular band. So, (
∏
i∈In
Xi,⊣,⊢) is a rectangular dimonoid.
Note that the operations of (
∏
i∈I2
Xi,⊣,⊢) coincide and it is a rect-
angular band.
Let X be an arbitrary nonempty set. Then the operations of (X2,⊣,⊢)
coincide and it is a free rectangular band [6].
Other examples of rectangular dimonoids can be found in [11] and
[13].
We denote the dimonoid (X3,⊣,⊢) by FRct(X).
The main result of this section is the following.
Theorem 1. FRct(X) is a free rectangular dimonoid.
Proof. By Lemma 4 FRct(X) is a rectangular dimonoid. Let us show that
FRct(X) is free.
Let (T,⊣
′
,⊢
′
) be an arbitrary rectangular dimonoid, γ : X → T be an
arbitrary map. Define a map
φ : FRct(X)→ (T, ⊣′, ⊢′) : (x, y, z) 7→ (x, y, z)φ,
assuming
(x, y, z)φ =


xγ, x = y = z,
xγ ⊢′ yγ ⊣′ zγ, x 6= y, y 6= z,
xγ ⊣′ zγ, x = y, y 6= z,
xγ ⊢′ zγ, x 6= y, y = z
for all (x, y, z) ∈ FRct(X).
We show that φ is a homomorphism. We will use the axioms (D1)-
(D5), the idempotent property of the operations and the identities (1) and
(2).
For arbitrary elements (x, y, z), (a, b, c) ∈ FRct(X) we consider the
following cases.
Case 1 : x = y = z, a = b = c.
If x 6= a, then
((x, x, x) ⊣ (a, a, a))φ = (x, x, a)φ =
= xγ ⊣′ aγ = (x, x, x)φ ⊣′ (a, a, a)φ.
If x = a, then
((x, x, x) ⊣ (a, a, a))φ = (x, x, x)φ = xγ =
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= xγ ⊣′ xγ = (x, x, x)φ ⊣
′
(a, a, a)φ.
Case 2 : x 6= y, y 6= z, a 6= b, b 6= c.
If y 6= c, then
((x, y, z) ⊣ (a, b, c))φ = (x, y, c)φ =
= xγ ⊢′ yγ ⊣′ cγ = (xγ ⊢′ yγ) ⊣′ cγ =
= (xγ ⊢′ yγ) ⊣′ zγ ⊣′ (aγ ⊢′ bγ) ⊣′ cγ =
= (xγ ⊢′ yγ ⊣′ zγ) ⊣′ (aγ ⊢′ bγ ⊣′ cγ) =
= (x, y, z)φ ⊣′ (a, b, c)φ.
If y = c, then
((x, y, z) ⊣ (a, b, c))φ = (x, y, y)φ = xγ ⊢′ yγ,
(x, y, z)φ ⊣′ (a, b, c)φ =
= (xγ ⊢′ yγ ⊣′ zγ) ⊣′ (aγ ⊢′ bγ ⊣′ cγ) =
= (xγ ⊢′ yγ) ⊣′ zγ ⊣′ (aγ ⊢′ bγ) ⊣′ cγ =
= (xγ ⊢′ yγ) ⊣′ cγ = xγ ⊢′ (yγ ⊣′ yγ) =
= xγ ⊢′ yγ.
Case 3 : x = y = z, a = b, b 6= c.
If x 6= c, then
((x, x, x) ⊣ (a, a, c))φ = (x, x, c)φ = xγ ⊣′ cγ =
= xγ ⊣′ (aγ ⊣′ cγ) = (x, x, x)φ ⊣′ (a, a, c)φ.
If x = c, then
((x, x, x) ⊣ (a, a, c))φ = (x, x, x)φ = xγ =
= (xγ ⊣′ aγ) ⊣′ xγ = xγ ⊣′ (aγ ⊣′ cγ) =
= (x, x, x)φ ⊣′ (a, a, c)φ.
Case 4 : x 6= y, y = z, a 6= b, b = c.
If y 6= b, then
((x, y, y) ⊣ (a, b, b))φ = (x, y, b)φ = xγ ⊢′ yγ ⊣′ bγ =
= (xγ ⊢′ yγ) ⊣′ bγ = (xγ ⊢′ yγ) ⊣′ aγ ⊣′ bγ =
= (xγ ⊢′ yγ) ⊣′ (aγ ⊢′ bγ) = (x, y, y)φ ⊣′ (a, b, b)φ.
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If y = b, then
((x, y, y) ⊣ (a, b, b))φ = (x, y, y)φ = xγ ⊢′ yγ,
(x, y, y)φ ⊣′ (a, b, b)φ = (xγ ⊢′ yγ) ⊣′ (aγ ⊢′ bγ) =
= ((xγ ⊢′ yγ) ⊣′ aγ) ⊣′ bγ = (xγ ⊢′ yγ) ⊣′ bγ =
= xγ ⊢′ (yγ ⊣′ yγ) = xγ ⊢′ yγ.
Case 5 : x = y = z, a 6= b, b 6= c.
If x 6= c, then
((x, x, x) ⊣ (a, b, c))φ = (x, x, c)φ =
= xγ ⊣′ cγ = xγ ⊣′ (aγ ⊢′ bγ) ⊣′ cγ =
= xγ ⊣′ (aγ ⊢′ bγ ⊣′ cγ) = (x, x, x)φ ⊣′ (a, b, c)φ.
If x = c, then
((x, x, x) ⊣ (a, b, c))φ = (x, x, x)φ =
= xγ = xγ ⊣′ (aγ ⊢′ bγ) ⊣′ xγ =
= xγ ⊣′ (aγ ⊢′ bγ ⊣′ cγ) = (x, x, x)φ ⊣′ (a, b, c)φ.
Case 6 : x 6= y, y 6= z, a 6= b, b = c.
If y 6= b, then
((x, y, z) ⊣ (a, b, b))φ = (x, y, b)φ = xγ ⊢′ yγ ⊣′ bγ =
= (xγ ⊢′ yγ) ⊣′ bγ = (xγ ⊢′ yγ) ⊣′ zγ ⊣′ aγ ⊣′ bγ =
= (xγ ⊢′ yγ ⊣′ zγ) ⊣′ (aγ ⊢′ bγ) =
= (x, y, z)φ ⊣′ (a, b, b)φ.
If y = b, then
((x, y, z) ⊣ (a, b, b))φ = (x, y, y)φ = xγ ⊢′ yγ,
(x, y, z)φ ⊣′ (a, b, b)φ = (xγ ⊢′ yγ ⊣′ zγ) ⊣′ (aγ ⊢′ bγ) =
= (xγ ⊢′ yγ) ⊣′ zγ ⊣′ aγ ⊣′ bγ = (xγ ⊢′ yγ) ⊣′ bγ =
= xγ ⊢′ (yγ ⊣′ yγ) = xγ ⊢′ yγ.
Similarly, the remaining cases can be proved.
Thus,
((x, y, z) ⊣ (a, b, c))φ = (x, y, z)φ ⊣′ (a, b, c)φ
for all (x, y, z), (a, b, c) ∈ FRct(X). Analogously, we can prove that
((x, y, z) ⊢ (a, b, c))φ = (x, y, z)φ ⊢′ (a, b, c)φ
for all (x, y, z), (a, b, c) ∈ FRct(X). This completes the proof of Theorem
1.
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Obviously, the free rectangular dimonoid FRct(X) generated by a
finite set X is finite. Specifically, if |X| = n, then |FRct(X)| = n3.
4. Decompositions of FRct(X)
In this section we describe the structure of free rectangular dimonoids,
characterize some least congruences on free rectangular dimonoids and
discuss the connections between rectangular dimonoids and restrictive
bisemigroups [10].
Let Xℓz = (X,⊣), Xrz = (X,⊢), Xrb = Xℓz × Xrz be a left zero
semigroup, a right zero semigroup and a rectangular band, respectively.
By Lemma 2 Xℓz,rz = (X,⊣,⊢) is a rectangular dimonoid. We call this
dimonoid as a left zero and right zero dimonoid. We will call a left zero
and right zero dimonoid also a left and right diband.
Define the operations ⊣ and ⊢ on X2 by
(x, y) ⊣ (a, b) = (x, b), (x, y) ⊢ (a, b) = (a, b)
for all (x, y), (a, b) ∈ X2. It is clear that (X2,⊣) is a rectangular band and
(X2,⊢) is a right zero semigroup. By Lemma 2 (X2,⊣,⊢) is a (rb, rz)-
dimonoid. We denote the dimonoid obtained by Xrb,rz.
Define the operations ⊣ and ⊢ on X2 by
(x, y) ⊣ (a, b) = (x, y), (x, y) ⊢ (a, b) = (x, b)
for all (x, y), (a, b) ∈ X2. It is clear that (X2,⊣) is a left zero semigroup
and (X2,⊢) is a rectangular band. By Lemma 3 (X2,⊣,⊢) is a (ℓz, rb)-
dimonoid. We denote this dimonoid by Xℓz,rb.
For all i, j ∈ X put
A[i,j) = {(x, y, z) ∈ FRct(X) | (y, z) = (i, j)},
A(i,j] = {(x, y, z) ∈ FRct(X) | (x, y) = (i, j)},
A(i] = {(x, y, z) ∈ FRct(X) | y = i},
A(i,j) = {(x, y, z) ∈ FRct(X) | (x, z) = (i, j)},
A(i) = {(x, y, z) ∈ FRct(X) |x = i},
A[i] = {(x, y, z) ∈ FRct(X) | z = i}.
In terms of dibands of subdimonoids (see section 2) we obtain the
following structure theorem.
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Theorem 2. Let FRct(X) be the free rectangular dimonoid. Then
(i) FRct(X) is a diband Xrb,rz of subsemigroups A[i,j), (i, j) ∈ Xrb,rz
such that A[i,j) ∼= Xℓz for every (i, j) ∈ Xrb,rz;
(ii) FRct(X) is a diband Xℓz,rb of subsemigroups A(i,j], (i, j) ∈ Xℓz,rb
such that A(i,j] ∼= Xrz for every (i, j) ∈ Xℓz,rb;
(iii) FRct(X) is a left and right diband Xℓz,rz of subsemigroups A(i], i ∈
Xℓz,rz such that A(i] ∼= Xrb for every i ∈ Xℓz,rz;
(iv) FRct(X) is a rectangular band Xrb of subdimonoids A(i,j), (i, j) ∈
Xrb such that A(i,j) ∼= Xℓz,rz for every (i, j) ∈ Xrb;
(v) FRct(X) is a left band Xℓz of subdimonoids A(i), i ∈ Xℓz such
that A(i) ∼= Xrb,rz for every i ∈ Xℓz;
(vi) FRct(X) is a right band Xrz of subdimonoids A[i], i ∈ Xrz such
that A[i] ∼= Xℓz,rb for every i ∈ Xrz.
Proof. (i) By Theorem 1 the map
φrb,rz : FRct(X)→ Xrb,rz : (x, y, z) 7→ (x, y, z)φrb,rz = (y, z)
is a homomorphism. It is clear that A[i,j), (i, j) ∈ Xrb,rz is a class of
∆φrb,rz which is a subdimonoid of FRct(X). If (x, y, z), (a, b, c) ∈ A[i,j),
then y = b = i, z = c = j and
(x, y, z) ⊣ (a, b, c) = (x, y, c) = (x, i, j),
(x, y, z) ⊢ (a, b, c) = (x, b, c) = (x, i, j).
Hence the operations of A[i,j) coincide and so, it is a semigroup. It is not
difficult to show that for every (i, j) ∈ Xrb,rz the map
A[i,j) → Xℓz : (x, i, j) 7→ x
is an isomorphism.
(ii) By Theorem 1 the map
φℓz,rb : FRct(X)→ Xℓz,rb : (x, y, z) 7→ (x, y, z)φℓz,rb = (x, y)
is a homomorphism. Similarly to (i), A(i,j], (i, j) ∈ Xℓz,rb is a class of
∆φℓz,rb which is a semigroup isomorphic to Xrz.
(iii) By Theorem 1 the map
φℓz,rz : FRct(X)→ Xℓz,rz : (x, y, z) 7→ (x, y, z)φℓz,rz = y
is a homomorphism. Then A(i], i ∈ Xℓz,rz is a class of ∆φℓz,rz which is a
subdimonoid of FRct(X). If (x, y, z), (a, b, c) ∈ A(i], then y = b = i and
(x, y, z) ⊣ (a, b, c) = (x, y, c) = (x, i, c),
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(x, y, z) ⊢ (a, b, c) = (x, b, c) = (x, i, c).
Hence the operations of A(i] coincide and so, it is a semigroup. It is
immediate to check that for every i ∈ Xℓz,rz the map
A(i] → Xrb : (x, i, z) 7→ (x, z)
is an isomorphism.
(iv) By Theorem 1 the map
φrb : FRct(X)→ Xrb : (x, y, z) 7→ (x, y, z)φrb = (x, z)
is a homomorphism. It is clear that A(i,j), (i, j) ∈ Xrb is a class of ∆φrb
which is a subdimonoid of FRct(X). It can be shown that for every
(i, j) ∈ Xrb the map
A(i,j) → Xℓz,rz : (i, y, j) 7→ y
is an isomorphism.
(v) By Theorem 1 the map
φℓz : FRct(X)→ Xℓz : (x, y, z) 7→ (x, y, z)φℓz = x
is a homomorphism. It is evident that A(i), i ∈ Xℓz is a class of ∆φℓz
which is a subdimonoid of FRct(X). It is easy to cheek that for every
i ∈ Xℓz the map
A(i) → Xrb,rz : (i, y, z) 7→ (y, z)
is an isomorphism.
(vi) By Theorem 1 the map
φrz : FRct(X)→ Xrz : (x, y, z) 7→ (x, y, z)φrz = z
is a homomorphism. Similarly to (v), A[i], i ∈ Xrz is a class of ∆φrz which
is a dimonoid isomorphic to Xℓz,rb.
Note that the class of left zero and right zero dimonoids (respec-
tively, (rb, rz)-dimonoids, (ℓz, rb)-dimonoids) is a subvariety of the variety
of all rectangular dimonoids. A dimonoid which is free in the variety
of left zero and right zero dimonoids (respectively, (rb, rz)-dimonoids,
(ℓz, rb)-dimonoids) will be called a free left zero and right zero dimonoid
(respectively, free (rb, rz)-dimonoid, free (ℓz, rb)-dimonoid).
Lemma 5. Every left zero and right zero dimonoid is a free left zero and
right zero dimonoid.
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Proof. Let Xℓz,rz and X
′
ℓz,rz be left zero and right zero dimonoids. It can
be shown that any map from Xℓz,rz to X
′
ℓz,rz is a homomorphism.
Denote the symmetric semigroup (respectively, symmetric group) on
X by ℑ(X) (respectively, by ℑ[X]) and the endomorphism semigroup (re-
spectively, automorphism group) of a dimonoidM by EndM (respectively,
by AutM).
Corollary 1. Let Xℓz,rz be the left zero and right zero dimonoid. Then
(i) EndXℓz,rz ∼= ℑ(X);
(ii) AutXℓz,rz ∼= ℑ[X].
Lemma 6. Xrb,rz is a free (rb, rz)-dimonoid.
Proof. Xrb,rz is a (rb, rz)-dimonoid (see above). Let us show that Xrb,rz
is free.
Let (T,⊣
′
,⊢
′
) be an arbitrary (rb, rz)-dimonoid, γ : X → T be an
arbitrary map. Define the map
φ : Xrb,rz → (T, ⊣
′, ⊢′) : (x, y) 7→ (x, y)φ = xγ ⊣′ yγ.
We can show that φ is a homomorphism.
Dually, the following lemma can be proved.
Lemma 7. Xℓz,rb is a free (ℓz, rb)-dimonoid.
It is immediate to prove the following two propositions.
Proposition 2. Let (D,⊣,⊢) be an arbitrary (rb, rz)-dimonoid. Then
(i) End (D,⊣,⊢) ∼= End (D,⊣);
(ii) Aut (D,⊣,⊢) ∼= Aut (D,⊣).
Proposition 3. Let (D,⊣,⊢) be an arbitrary (ℓz, rb)-dimonoid. Then
(i) End (D,⊣,⊢) ∼= End (D,⊢);
(ii) Aut (D,⊣,⊢) ∼= Aut (D,⊢).
If ρ is a congruence on the dimonoid (D,⊣,⊢) such that the operations
of (D,⊣,⊢)/ρ coincide and it is a left zero semigroup (respectively, right
zero semigroup, rectangular band, semilattice), then we say that ρ is a
left zero congruence (respectively, right zero congruence, rectangular band
congruence, semilattice congruence). If ρ is a congruence on the dimonoid
(D,⊣,⊢) such that (D,⊣,⊢)/ρ is a left zero and right zero dimonoid (re-
spectively, (rb, rz)-dimonoid, (ℓz, rb)-dimonoid), then we say that ρ is
a left zero and right zero congruence (respectively, (rb, rz)-congruence,
(ℓz, rb)-congruence).
From Theorem 2 we obtain
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Corollary 2. Let FRct(X) be the free rectangular dimonoid. Then
(i) ∆φrb,rz is the least (rb, rz)-congruence on FRct(X);
(ii) ∆φℓz,rb is the least (ℓz, rb)-congruence on FRct(X);
(iii) ∆φℓz,rz is the least left zero and right zero congruence on FRct(X);
(iv) ∆φrb is the least rectangular band congruence on FRct(X);
(v) ∆φℓz is the least left zero congruence on FRct(X);
(vi) ∆φrz is the least right zero congruence on FRct(X).
Proof. (i) By Lemma 6 Xrb,rz is the free (rb, rz)-dimonoid. According to
Theorem 2 (i) we obtain (i).
The proof of (ii) is similar.
(iii) By Lemma 5 Xℓz,rz is the free left zero and right zero dimonoid.
According to Theorem 2 (iii) we obtain (iii).
(iv) Xrb is the free rectangular band (see section 3). According to
Theorem 2 (iv) we obtain (iv).
(v) It is well-known that every left zero semigroup is a free left zero
semigroup. By Theorem 2 (v) we obtain (v).
The proof of (vi) is similar.
From Theorem 3.1 [13] it follows that any rectangular dimonoid is
semilattice indecomposable, i.e. the least semilattice congruence on a rect-
angular dimonoid coincides with the universal relation on this dimonoid.
We finish this section with the discussion of connections between
rectangular dimonoids and restrictive bisemigroups.
Let B be an arbitrary nonempty set and ⊣, ⊢ be binary operations on
B. An ordered triplet (B,⊣,⊢) is called a restrictive bisemigroup, if the
axioms (D1), (D5) and
x ⊣ x = x,
x ⊢ x = x,
x ⊣ y ⊣ z = y ⊣ x ⊣ z,
x ⊢ y ⊢ z = x ⊢ z ⊢ y,
(x ⊣ y) ⊢ z = x ⊣ (y ⊢ z)
hold for all x, y, z ∈ B. Restrictive bisemigroups have applications in the
theory of binary relations.
Let (B,⊣) be a right zero semigroup and (B,⊢) be a left zero semigroup.
It is immediate to check that (B,⊣,⊢) is a restrictive bisemigroup. We
call it as a right zero and left zero bisemigroup.
Let (A,⊣,⊢) be an algebra with two associative operations. Define
new operations ⊣
′
and ⊢
′
on A by
x ⊣
′
y = y ⊣ x, x ⊢
′
y = y ⊢ x
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for all x, y ∈ A. The algebra (A,⊣
′
,⊢
′
) will be called a dual algebra of
(A,⊣,⊢).
It is easy to prove the following statement.
Proposition 4. Let (B,⊣,⊢) be a right zero and left zero bisemigroup.
Then the dual algebra of (B,⊣,⊢) is a left zero and right zero dimonoid.
5. Free dimonoids
In this section we present the least rectangular diband congruence, the
least (rb, rz)-congruence, the least (ℓz, rb)-congruence, the least left zero
and right zero congruence, the least rectangular band congruence, the least
left zero congruence and the least right zero congruence on free dimonoids
and use them to obtain decompositions of free dimonoids.
Let F˘ [X] be the free dimonoid (see section 2). For every w =
x1...xi...xn ∈ F [X], xi ∈ X, 1 ≤ i ≤ n the set of all letters occur-
ring in w will be denoted by c(w). If ρ is a congruence on the dimonoid
(D,⊣,⊢) such that (D,⊣,⊢)/ρ is a rectangular dimonoid, then we say that
ρ is a rectangular diband congruence.
Take (a, b, c) ∈ FRct(X) (see Theorem 1). Let Ω(a,b,c)(X) be the set
of all finite subsets Y of X such that a, b, c ∈ Y and let Ω(a,b,c)(X) be a
semilattice defined on Ω(a,b,c)(X) by the operation of the set theoretical
union. For all (a, b, c) ∈ FRct(X) and Y ∈ Ω(a,b,c)(X) put
T(a,b,c) = {(x1...xi...xn,m) ∈ F˘ [X] | (x1, xm, xn) = (a, b, c)},
T Y(a,b,c) = {(x1...xi...xn,m) ∈ T(a,b,c) | c(x1...xi...xn) = Y }.
Define a relation π on F˘ [X] by
(x1...xi...xn,m)π(y1...yj ...ys, t) ⇔ (x1, xm, xn) = (y1, yt, ys).
Theorem 3. The relation π on the free dimonoid F˘ [X] is the least rectan-
gular diband congruence. The free dimonoid F˘ [X] is a rectangular diband
FRct(X) of subdimonoids T(a,b,c), (a, b, c) ∈ FRct(X). Every dimonoid
T(a,b,c), (a, b, c) ∈ FRct(X) is a semilattice Ω(a,b,c)(X) of subdimonoids
T Y(a,b,c), Y ∈ Ω(a,b,c)(X).
Proof. Define a map µ : F˘ [X]→ FRct(X) by
(x1...xi...xn,m) 7→ (x1, xm, xn), (x1...xi...xn,m) ∈ F˘ [X].
For arbitrary elements (x1...xi...xn,m), (y1...yj ...ys, t) ∈ F˘ [X] we have
((x1...xi...xn,m) ⊣ (y1...yj ...ys, t))µ =
106 Free rectangular dibands and free dimonoids
= (x1...xny1...ys,m)µ = (x1, xm, ys) =
= (x1, xm, xn) ⊣ (y1, yt, ys) =
= (x1...xi...xn,m)µ ⊣ (y1...yj ...ys, t)µ,
((x1...xi...xn,m) ⊢ (y1...yj ...ys, t))µ =
= (x1...xny1...ys, n+ t)µ = (x1, yt, ys) =
= (x1, xm, xn) ⊢ (y1, yt, ys) =
= (x1...xi...xn,m)µ ⊢ (y1...yj ...ys, t)µ.
Thus, µ is a surjective homomorphism. By Theorem 1 FRct(X) is
the free rectangular dimonoid. Then ∆µ is the least rectangular diband
congruence on F˘ [X]. From the definition of µ it follows that ∆µ = π.
It is clear that T(a,b,c), (a, b, c) ∈ FRct(X) is a class of ∆µ which is a
subdimonoid of F˘ [X]. Moreover, it is not difficult to show that for every
(a, b, c) ∈ FRct(X) the map
T(a,b,c) → Ω(a,b,c)(X) : (x1...xi...xn,m) 7→ c(x1...xi...xn)
is a homomorphism. Hence T(a,b,c) is a semilattice Ω(a,b,c)(X) of subdi-
monoids T Y(a,b,c), Y ∈ Ω(a,b,c)(X).
Take (b, c) ∈ Xrb,rz (see section 4). Let Ω
(b,c)(X) be the set of all
finite subsets Y of X such that b, c ∈ Y and let Ω(b,c)(X) be a semilattice
defined on Ω(b,c)(X) by the operation of the set theoretical union. For all
(b, c) ∈ Xrb,rz and Y ∈ Ω(b,c)(X) put
T[b,c) = {(x1...xi...xn,m) ∈ F˘ [X] | (xm, xn) = (b, c)},
T Y[b,c) = {(x1...xi...xn,m) ∈ T[b,c) | c(x1...xi...xn) = Y }.
Define a relation χ on F˘ [X] by
(x1...xi...xn,m)χ(y1...yj ...ys, t) ⇔ (xm, xn) = (yt, ys).
Theorem 4. The relation χ on the free dimonoid F˘ [X] is the least (rb, rz)-
congruence. The free dimonoid F˘ [X] is a diband Xrb,rz of subdimonoids
T[b,c), (b, c) ∈ Xrb,rz. Every dimonoid T[b,c), (b, c) ∈ Xrb,rz is a semilattice
Ω(b,c)(X) of subdimonoids T
Y
[b,c), Y ∈ Ω(b,c)(X).
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Proof. Define a map δ : F˘ [X]→ Xrb,rz by
(x1...xi...xn,m) 7→ (xm, xn), (x1...xi...xn,m) ∈ F˘ [X].
For all (x1...xi...xn,m), (y1...yj ...ys, t) ∈ F˘ [X] we have
((x1...xi...xn,m) ⊣ (y1...yj ...ys, t))δ =
= (x1...xny1...ys,m)δ = (xm, ys) =
= (xm, xn) ⊣ (yt, ys) =
= (x1...xi...xn,m)δ ⊣ (y1...yj ...ys, t)δ,
((x1...xi...xn,m) ⊢ (y1...yj ...ys, t))δ =
= (x1...xny1...ys, n+ t)δ = (yt, ys) =
= (xm, xn) ⊢ (yt, ys) =
= (x1...xi...xn,m)δ ⊢ (y1...yj ...ys, t)δ.
Thus, δ is a surjective homomorphism. By Lemma 6 Xrb,rz is the free
(rb, rz)-dimonoid. Then ∆δ is the least (rb, rz)-congruence on F˘ [X]. From
the definition of δ it follows that ∆δ = χ. Clearly, T[b,c), (b, c) ∈ Xrb,rz
is a class of ∆δ which is a subdimonoid of F˘ [X]. Moreover, we can show
that for every (b, c) ∈ Xrb,rz the map
T[b,c) → Ω(b,c)(X) : (x1...xi...xn,m) 7→ c(x1...xi...xn)
is a homomorphism. Hence T[b,c) is a semilattice Ω(b,c)(X) of subdimonoids
T Y[b,c), Y ∈ Ω(b,c)(X).
For all (a, b) ∈ Xℓz,rb (see section 4) and Y ∈ Ω(a,b)(X) put
T(a,b] = {(x1...xi...xn,m) ∈ F˘ [X] | (x1, xm) = (a, b)},
T Y(a,b] = {(x1...xi...xn,m) ∈ T(a,b] | c(x1...xi...xn) = Y }.
Define a relation ζ on F˘ [X] by
(x1...xi...xn,m)ζ(y1...yj ...ys, t) ⇔ (x1, xm) = (y1, yt).
Similarly to Theorem 4, the following theorem can be proved.
Theorem 5. The relation ζ on the free dimonoid F˘ [X] is the least (ℓz, rb)-
congruence. The free dimonoid F˘ [X] is a diband Xℓz,rb of subdimonoids
T(a,b], (a, b) ∈ Xℓz,rb. Every dimonoid T(a,b], (a, b) ∈ Xℓz,rb is a semilattice
Ω(a,b)(X) of subdimonoids T
Y
(a,b], Y ∈ Ω(a,b)(X).
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Take b ∈ Xℓz,rz (see section 4). Let Ω
b(X) be the set of all finite
subsets Y of X such that b ∈ Y and let Ωb(X) be a semilattice defined
on Ωb(X) by the operation of the set theoretical union. For all b ∈ Xℓz,rz
and Y ∈ Ωb(X) put
T(b] = {(x1...xi...xn,m) ∈ F˘ [X] |xm = b},
T Y(b] = {(x1...xi...xn,m) ∈ T(b] | c(x1...xi...xn) = Y }.
Define a relation ̺ on F˘ [X] by
(x1...xi...xn,m)̺(y1...yj ...ys, t) ⇔ xm = yt.
Theorem 6. The relation ̺ on the free dimonoid F˘ [X] is the least left
zero and right zero congruence. The free dimonoid F˘ [X] is a left and
right diband Xℓz,rz of subdimonoids T(b], b ∈ Xℓz,rz. Every dimonoid
T(b], b ∈ Xℓz,rz is a semilattice Ωb(X) of subdimonoids T
Y
(b], Y ∈ Ωb(X).
Proof. Define a map α : F˘ [X]→ Xℓz,rz by
(x1...xi...xn,m) 7→ xm, (x1...xi...xn,m) ∈ F˘ [X].
For all (x1...xi...xn,m), (y1...yj ...ys, t) ∈ F˘ [X] we have
((x1...xi...xn,m) ⊣ (y1...yj ...ys, t))α =
= (x1...xny1...ys,m)α = xm = xm ⊣ yt =
= (x1...xi...xn,m)α ⊣ (y1...yj ...ys, t)α,
((x1...xi...xn,m) ⊢ (y1...yj ...ys, t))α =
= (x1...xny1...ys, n+ t)α = yt = xm ⊢ yt =
= (x1...xi...xn,m)α ⊢ (y1...yj ...ys, t)α.
Thus, α is a surjective homomorphism. By Lemma 5 Xℓz,rz is the free
left zero and right zero dimonoid. Then ∆α is the least left zero and right
zero congruence on F˘ [X]. From the definition of α it follows that ∆α = ̺.
Evidently, T(b], b ∈ Xℓz,rz is a class of ∆α which is a subdimonoid of F˘ [X].
Moreover, it is not difficult to see that for every b ∈ Xℓz,rz the map
T(b] → Ωb(X) : (x1...xi...xn,m) 7→ c(x1...xi...xn)
is a homomorphism. From this it follows that the last statement of the
theorem holds.
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For all (a, c) ∈ Xrb (see section 4) and Y ∈ Ω(a,c)(X) put
T(a,c) = {(x1...xi...xn,m) ∈ F˘ [X] | (x1, xn) = (a, c)},
T Y(a,c) = {(x1...xi...xn,m) ∈ T(a,c) | c(x1...xi...xn) = Y }.
Define a relation τ on F˘ [X] by
(x1...xi...xn,m)τ(y1...yj ...ys, t) ⇔ (x1, xn) = (y1, ys).
Theorem 7. The relation τ on the free dimonoid F˘ [X] is the least rectan-
gular band congruence. The free dimonoid F˘ [X] is a rectangular band Xrb
of subdimonoids T(a,c), (a, c) ∈ Xrb. Every dimonoid T(a,c), (a, c) ∈ Xrb
is a semilattice Ω(a,c)(X) of subdimonoids T
Y
(a,c), Y ∈ Ω(a,c)(X).
Proof. Define a map ψ : F˘ [X]→ Xrb by
(x1...xi...xn,m) 7→ (x1, xn), (x1...xi...xn,m) ∈ F˘ [X].
It is easy to check that ψ is a surjective homomorphism. As Xrb is
the free rectangular band (see section 3), then ∆ψ is the least rectangular
band congruence on F˘ [X]. From the definition of ψ it follows that ∆ψ = τ .
Obviously, T(a,c), (a, c) ∈ Xrb is a class of ∆ψ which is a subdimonoid of
F˘ [X].
Similarly to Theorem 4, the last statement of the theorem can be
proved.
For all a ∈ Xℓz (see section 4) and Y ∈ Ωa(X) put
T(a) = {(x1...xi...xn,m) ∈ F˘ [X] |x1 = a},
T Y(a) = {(x1...xi...xn,m) ∈ T(a) | c(x1...xi...xn) = Y }.
Define a relation ω on F˘ [X] by
(x1...xi...xn,m)ω(y1...yj ...ys, t) ⇔ x1 = y1.
Theorem 8. The relation ω on the free dimonoid F˘ [X] is the least left zero
congruence. The free dimonoid F˘ [X] is a left band Xℓz of subdimonoids
T(a), a ∈ Xℓz. Every dimonoid T(a), a ∈ Xℓz is a semilattice Ωa(X) of
subdimonoids T Y(a), Y ∈ Ωa(X).
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Proof. Define a map β : F˘ [X]→ Xℓz by
(x1...xi...xn,m) 7→ x1, (x1...xi...xn,m) ∈ F˘ [X].
It can be proved that β is a surjective homomorphism. As Xℓz is the
free left zero semigroup (see Corollary 2), then ∆β is the least left zero
congruence on F˘ [X]. From the definition of β it follows that ∆β = ω. It
is evident that T(a), a ∈ Xℓz is a class of ∆β which is a subdimonoid of
F˘ [X].
Similarly to Theorem 6, the last statement of the theorem can be
proved.
For all c ∈ Xrz (see section 4) and Y ∈ Ωc(X) put
T[c] = {(x1...xi...xn,m) ∈ F˘ [X] |xn = c},
T Y[c] = {(x1...xi...xn,m) ∈ T[c] | c(x1...xi...xn) = Y }.
Define a relation σ on F˘ [X] by
(x1...xi...xn,m)σ(y1...yj ...ys, t) ⇔ xn = ys.
Similarly to Theorem 8, the following theorem can be proved.
Theorem 9. The relation σ on the free dimonoid F˘ [X] is the least
right zero congruence. The free dimonoid F˘ [X] is a right band Xrz of
subdimonoids T[c], c ∈ Xrz. Every dimonoid T[c], c ∈ Xrz is a semilattice
Ωc(X) of subdimonoids T
Y
[c], Y ∈ Ωc(X).
Note that the least semilattice congruence on F˘ [X] and the corre-
sponding decomposition of the free dimonoid were described in [11].
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